Dr. Bryan Carrillo Knowledge Checks Chapter 6.3

1. Use Fermat'’s theorem to determine all points at which each function f below can potentially attain a

local maximum or a local minimum:

a) f(x)=—42*+4z+3 b) f(z) =123 +a
Feol=+8key St xts
Solve f '0()= 0. Solve $'0)=0 and determine where §’is undefined.
- - |
-8x+H4=0 = x=%. ) X7+ =0 i) x¥=33
Sketch $’ +o determine sign. Fx%=-1 So 5 undefined
LA A 2__y* at 0
A L S e 3=
iak z -(@-
PEEF. (8=x
-2 -x
By Fermat’s theorem, £ has a local 27
. Determine sign of ¥ | $’
maximum at Xe=%. 5.0 v it
— } ¥ 5 (_\l
-3 i
7 0 l
§ oA e

By Fermat's theorem, § hasa local maximum at

-2 and local minimum at 0.

2. Take f to be the function that is given by

f(z) = —42® + 42 + 3.
Determine the maximum and minimum values that f attains on [0, 2].
Becavse § is a qQuadratic polynomial, i+ is continwous on [0,2]. So § athains its maximum

and minimum on [0,2].

Determine critical valves of §. In 1a we found +hat +he critical valve is 3.
Evaluate ¥ on $0,7,2% to determine maximum and minimum,

§5(0)=3

F(2)=4 mayimum

§(2) =-5

The moaximum of £ is at % and minimum a+ 2.
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3. Take f(z) = 1z* + 1. This is a differentiable function on the interval (—1,2) and a continuous function
on the interval [—1, 2].

a) Find a value M so that |f'(x)| < M for all z in [-1,2].

FUd=2x . The maximum of abso$’ is in +he set {-1,0, 2%.
FEenl=%2 , 1#@1=0, 1] =]
Take M=|. Then I§Col< .
b) Given that f(—1) = 3, find the smallest range of values that is guaranteed to contain f([—1,2]) and

sketch the smallest region that you can that is guaranteed to contain f. Then compare it to the graph
of f.

By the mean valve theorem,
FEN - Mg+ F6) < FEDEM I+ Sor all x in [-1,2)
% — Ix+11<56) ¢ 7 Hx+1]

Ix+1l +%

So, f([".z]) 3 [-2'51 ?"5]

1\ -Ix+l+ %
c) Given that f(—1) = 3 and f(2) = 2, find the smallest range of values that is guaranteed to contain
f([—1,2]) and sketch the smallest region that you can that is guaranteed to contain f. Then compare it

to the graph of f.

By the mean value theorem,

FEN-MIx+11£ 200 2EN+MIx+1] and F@)-MIx-21<F0< $(2) +MIx=21 for all x in [1,2].
7 —Ix+11$500¢%-I%+1]  and & - Ix-21$8004 5 + [x-2|

(0.875, 2.375)
[ Ix+1l +%

I=21t%
So F(C,23) < [-0625,2.375].

l-lx—2|+%

T L]
€~ (0.125,-0.625)

“Ix+Hl+ %
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4. Take f and g to be differentiable functions on the interval [1, 9] so that f(2) = 4, g(2) = 8, and that for
any z in (1,9),
f'(x) —g'(z) =0.
Determine ¢(9) — f(9).
Becavse $'-9'=0 on (1,9) ; the mean valve theorem states that
60 -9(x)Y=C forall x inL1,9] and Some constant C.

Be cavse $(2)=Y4 and 9(2)=8, we have t+hat

§@)-9(2)=C
y—-8 =¢ = F6)-9x)=-4 forall x in [1,9]
-4y =C

So 9(%"“‘”: H.

5. For each function f that is given below, determine the antiderivative of f :

a) f(x) =20z +e” 4 2" 4 4 cos(z) b) f(z) =2+ 2% —In(2)y/z + 2

[$60dx= 20/5%dy +Je¥dx +]2%dx+4 coso0dx  Jfodx = 3 %dx + 40l 771 dx ~Ia@S x¥ax +2.0 1dx

s 20(_l x‘i) et + _2’i + UYsintx) + C =30nlx| +40arctan(x) — 20n(2d) x% +2x+C
1 In(2) s
Con check answer by verifying
= 5xt+e¥+ 2% 4 Usinx)+C "
2n(2) (3fnlx| + H0arctan(x) - 2£§(_23 X*+ 2x+C)': F(x)

Can check answer by verifying

(Sx"-re"q-ﬁ + sin()+C ’ = $(x)
()
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6. Take f to be the function with the property that
/ f(z)dz = sin(z) + tan(z) + 22° + C.
Identify the function f.
F(x) = Sin(x) ++an(x) +2%° is an antiderivative of ¥ so,
FeO = $60)e
Hence
§60) = ( Sintx)+4ant0) +2x%)

= CosCX) + Sec¢x) +6 X"

7. Calculate the following:

2 1
a) / 0 dx b) / (202% + e + 2 + 4 cos(z)) dz
1 0
Since | xax= Txb+¢, We have by the Since FOO= 5% 4%+ 27 +4singd is an
Inc2
fundamental Theorem of Calculus that antiderivative of £(x) =20x*+e™+ 2%+ Ycos(x),
I:gxsdx =(%xe)'z We have by the Fundamental Theorem of Calculus
i
= _2_‘_ ’6 +ha-|'
&6 T
= gi‘ f:(20x3+e"+2"+‘lcoscx))dx=(F(xB)l:,
=H+e+_1 +usinn.
h(2)
x 4x+4-2
c) Derivative of I’ where F(z) = / sin(t?) dt. d) Derivative of F' where F(x) = / sin(t?) dt.
2 2
Because $£Y=sin(t?) is continuous TaKe G(X)=f:$in(.t‘\)dt. Then,
on [2IX] For all X>2, we have by the F(X):(Go{‘lpowﬁz))(x)) where Ux+272
%0
Fundamental Theorem of Calculus that So by chain rule, FTC, and 7c,
F is differentiable on (2,0 and F/O) = 6'(4x+2)- (lx+2)’
F OO = §00) = sin(x?). = Sin((ax+2)) Y

= Y4Sin((x+2Y)  for x>0
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8. Determine the following:
b) / (402° + 2)V202* + 22 + 1dz

a) / 4z° sin
The integrand looKs like +his The integrand looK's like +his
]
(402> + x){ 20T x4 | = L (80%°+2x) {2064 x4 |

Yx*sin(x*) =~ (x) cos’(x") = - (cos (x*))
So by reverse chain rule (2054 %41 row*(zo ex)
S ussin (xddx ==J Ccos cx*Y dx -3
a /
=-cos(y") + C. = é-(POW% (20x4+ X -|-D)

=4

T2

(205%+ x4+ 1’ 2 pows (20x‘H+x %)
2

S0 by reverse chain rule

Miernatively,
3si 1 =) sin(x*) Yy 3 l————— U
= 3
du= ux’dx ‘-'-SS“\(,U) du. =';'(20Xq+ Xz-(-l)t-!- C.
Ml +ernatively
= -cos(w)+C
{ (40x3+ %) {Z0x¥4x% 1 dx = i du
-:—COS(Y")-I'C. Uz 20594+ X%+ —E -3-IA 24 C
du={B0cs 1) =3 (VK1 X2+ +C.

Fdu=(90x>+Ddx

o /e + In(2
ea:+2x
The integrand looks like this

e+ (2)2%, | =g (€"+2%)'« Recip (% 2%)

e'+2
=@nlex+‘2"|y

So by reverse chain rule
x
J—"Lgn'm'de S(Pnle"-&-z"l)ldx
e* + 2
= Inle*+2%|+ C.

Alfernatively,

e+ (D24 = L 4
J eX+2 % j u w
u=e*+ 2% =falultc

du=@*+ n2Vdx = Inle“+ 2%+ C.
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9. Use the fact that
(xcos(x))" = cos(z) — xsin(x)
to determine
/ xsin(z) dz.

(xces¢xd) = cos(x)- xsin(x) implies  XSin(x)= Coscx) — (xcoscxy

Se
f Xsin(ox = fcos x)dX — f(xcoscm’dx

= Sincx) — Xcos(D+C.

10. The function v(t) given by v(t) = (5t + 2, 5) is the velocity of a path c at time ¢. Given that ¢(2) = (4, 5),
reconstruct the path c and simulate the motion of the particle together with the particle’s velocity vector.

We have ¢'W= YR so
(f(st+ddt, [sdt)

(£t% 2t +Xo, 5t+Ye) for Some Xo and Yy, in R,

c(t)

C(D=(Y4,9),

Since
ce2) = (2% 2@ +X%o, 5(D)+Yo)
(4,5)=(M+%s, 104Y0) = {q=w+xo 5 Xos-lo
5:'0"‘30 30_-_ _5.
Thus
cw) = (24 +2t -10, 56— 5).,
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11 Verify that the following are of indeterminate forms and use L'Hopital’s rule to determine the given
limits:

3 _ _
a) lim =5 b) lim (\/4m2+3x—|—1—2x)
T—5 xr—9> T—00
fim (¥3-24%-5)= 0 and Lim (x-5)=0- fim {Hy™+3x+1=00 and fim 2x= 0o,
X35 X35 X0 X> 0

This is an indeterminant form.

This is an indeterminant- form. By L’Hopital’s rule

By L’Hopitals rule Gim (T 3x+1 - 25%) = fim (PiX* (14 32+ ) - 2x)
Yo X50°
fim X*-24y-5 = Rim (x3- 24x- Y- -0 Z
Y25 X-5 Y5 (X-5) = &:im(ﬁﬂl«‘%*-‘,h 2x)
! g'_;:—, (3-24) = im {14k +3h — |
= 3(5) -2 Yo (=)
- ,Qim “Hj’x“‘ '%"* T l)’
=5], “Xe (R

‘3L'l(zh+—"gx (3 h)

("2x
:f::: J|+‘%ﬁ">‘<’y%+ }
( +0)

xls

= o{T+to+ l+o+o

Llw

3

. x
¢ lim —
z—00 T

Rim X3 = 00 and Lim e* =oco.
X>0 b X

This is an indeterminant form.
By L'l-lop+iq\'s rule

Qim X _ fim &’
X500 e* Y00 (e")‘
Pim 3x*
= Y30 ex

fim CSx‘)
= Y0 (EXY
= dim bx
X3 e¥
= Lim b
X0 ~e¥
=0.

Copyright 2024 ©Bryan Carrillo. All rights reserved. No part of this publication may be reproduced or transmitted in any form
or by any means, electronic or mechanical, including photocopy, recording, or any information storage and retrieval system,
without permission in writing from Bryan Carrillo.




