Dr. Bryan Carrillo

Math 3A

Chapter 5.2

1. Write the first four terms of (a,), where for each natural number n, a, is given by a,, = 5".

a,=5'=5,

a,= 5°=265,
Oz 53225,
Qy=5"=625

2. Show that the sequence (a,,) is increasing and the sequence (b,,) is decreasing, where

a) An = Z_j;g b) by, = n;fkl
Ong;-Qn= N¥1+3 _ N+3 ba+i~-bn= 0L Cn+|) -{1—
N+l+S nNn+S
Nn-+H4 n-+3 ‘-A‘-"—‘-’ i —P"
- N=+6 N+S "“"20"’2 N\
= (a+D(N*+1) —n(n*+2n+2)
= (!|+S|(n+‘|} - ‘ﬂ“‘b)‘ﬂ"‘ i) (n'l_.,an .‘.z} n*+ 1)
N+IN+6)  (n+9)(N+6) = n*+n-—\
_ n%an+20 _ n*+4n+!18 (n%42p+ DN+ 1)
T (n+SXN+6)  (n+5)(n+6) o (n+¥*—-% &f___
2 T (" xan+d)(n*41)

(n+S)(n+6) *©
Both numerator and denominator gqre
positive for all n, So the entire expressSion
is alwags posm\n ThuS Qa+i- An70, So

Qn S 1ncreasin 9.

For all n, both numerotor and denominator
are poSitive, so the entire expression is
negative dve +o ncguhu sign. Thes bui=bn< o,
or bati<bn so bn is decreasing.

a) (ay) is strictly increasing and converges to 2

3. Identify an example of a sequence (a,,) with the following properties:

b) (a,) is strictly decreasing and converges to 1

a) On:‘z"ﬁ

b) OQn=%+%
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for the following choices of (a,) and L:

a) a, = and L =3

4. Use only the Archimedean property of R to show that for any positive real number ¢, there is a natural
number N so that if n is greater than N, then

la, — L| <e,

b) a, = /16 + L and L = 4.

a} Note that for any n,
_an+2 _
On=L = 3nay
2 - n+
3n+ 4

- 1o,
IN+H

So
lag-Ll= 3"“"" s

If lan-L1LE, 4hen
lan-L|< €
|10
¢ ye? <¢
LGQ- < 3n+4
10 -4 L3N
£
10 _ '-l Uen
3¢
By +the Archimedean property,

there iS a natuwal Nnumber Nso

Hhat
: N> $-%

S0 for ony nyN,

o _ 10
n> 13'? % implies that 3psu<é.
Thes for n2 N,
lan-L| <€ .

b) Note +hat for any n,
On-L = Ji6++ - 4
Hie+% -4) (l6+% + 4
) (Tﬁ?’{——
Jo+% — Ib
flerh+4
Jlb-\-* -H

'\ Jlﬁ-l-‘ai +4

®° Jan-L]= ‘;T'r-.:;.m Jer R 4 fTe+4=4
4 _;]" 'LT. Tl)m-t-"l

If Gn<€E,+then agdn.

By the Archimedeon property, there is o
natural nuymber N so +hat
N>ge-
So for any NN,
n>:.':’§ implies that an<€.
Thus for n2 iy,

lan-LI1< €.
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5. Calculate lim

n—oo

\/100 + L. Carefully justify your reasoning.

:OI' 0“9 “qhwgl n"mbgr' jlﬂ +% Y 10, Siﬂce
Therefore, there 15 a positive real 0<En<k V‘ﬁ >

Number So +hat

JlOO"’n = 'O‘l'en

Notice +hat

JlOO‘.’n = ID-Q-E,‘

100+ % = (I0+€0*
100 + & = 100+20€n + €n

ﬁ =20€n +&n°

Since €n is positive,
7"-.- 20€n+En?> En”

(En) is bounded above and below
by null Seguences, There fore b_\, +he
Squeeze theorem for null seguence )

(sn\ is a null Seguence.

Thus, by the Sum limit law,

Lim J100+% = ficy(10+€0)

nyoo

=0+ 0
implies that !
E'. < T-; . > Io.
6. Take (a,), (b,), and (c,) to be sequences with
lim a, =5, limb,=1, and lim ¢, = —2.

n—o0

Use the limit laws to compute the following;:

T
n—oco Cntry

Jim (@)’ 4260

n—oo

Use the limit laws to obh;in that
fim (an\3+ 2by _ g%‘(ﬂn\ -l-?.bn\
N30 Cn+ 73 ™ Cn+ 7% )

quotient limit law

product limit law

NnHo
. 3 N
= Aia(@n)"+ fim 2bn
R Cn + Bim,
= fz anfizanlinan L2 Lis bn
T ——
nap 0 ¥ r’l’ra ns

= 5¢5:5 4 20

-2 + O
127
2

evajvate limits
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7. Use the limit laws to determine the following limits:

a) lim 5 b) Jim
a) Rewrite like +his l:b Rewrite like +his
4 i
Lim 5" _ _ fim _Sn_ .0 Qim 2‘1""‘ _ Qim _AtEHN WS
N 3n-i na® 35| § NIP Sy nt+2 NIPNSn2 2 =)
S ' u
= &nm Lim W+ 7o
”Rim 5 aidal 1+ m+ns
= NHYo . ' T
ﬁ;‘:ﬁ-%‘;‘,% = bmm+ Lir,
. . J- . 2-
L Lim | +fin it lin s
5 - 0 +60
= 3 |+0+0
= C
1
=0

8. Take (a,) and (b,) to be sequences with

bn,
lim a, =2 and lim — = 18.
n—o00 n—00 (A,

Carefully justify that (b,,) is convergent and calculate its limit.

Sinte (an) converges +o a non-zero limit, there exists an N in [N
So that Anz0 Forall n2 N,
Rewrite bn like this

bpnz= bpnean

an

- hﬂ-ah,
an

for N2,

So
: =0; bn '
5.‘,’} bn &:{:‘. an 'g\'-w an

= 18 « 2
= 36

Copyright 2024 ©Bryan Carrillo. All rights reserved. No part of this publication may be reproduced or transmitted in any form or
by any means, electronic or mechanical, including photocopy, recording, or any information storage and retrieval system, without
permission in writing from Bryan Carrillo.



Dr. Bryan Carrillo Math 3A Chapter 5.2

9. Calculate lim n (\ /100 4+ L — 10). Carefully justify your reasoning.

n—oo

Rewrite like this:

oo

Jioot % +10 '\-W Vieo+ *-!-lo

'I‘l:; ]lowk +10

_QIM n-x n 4-’_—,‘_.0
- o e

\
T jo/¥ e
L

= 20

10. Take a,, to be the sequence that is given by

20n2+5n cos(n)

Un = —1p741
Calculate lim a,. Carefully justify your reasoning.
@ upper bound @ lower bound @ concluSion
Forall n, costM<l. For all N, -]<cos(n). Since
Since 20n*and 51 are we have Cn £ 0n< by
alw positive , we have and
ial ! 200’+5ncos(n) 2 200>~ 5w . .
2M‘+5ncasal3‘ 200n%.5n. zlm Cnz 5, ﬂlm bn=95,
. 2 . Nn-00 N0
Since Yn"+Y is always
Since Un*pdis alveys pesitive we have by the Sgueeze
PoSctve,
200t 200%¢ Spcesin)2 20n*-Sn +theovem +nat
20n*+5ncos(n & 2 2y
YNty ._"‘t.,.q “Un"+4 il !m ?.Om‘+§ncoscn) S.

N30 qnt44

11. Determine whether the sequence diverges to either infinity or negative infinity:

a) a, = ()" b) a, =1In(n +1) Q) a, = —n®
I'A _|_"I‘ Z +l)y=00 Lim -Vls-: - 09
n-‘:;n (8) kst n-.:oo £nlne1) Nn-260
diverges to infinity diverges to inPim’lj diverges o negntive in#ﬁ-’*j
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